An open question of fundamental importance in thermodynamics is how to describe the statistics of work for the initial state with quantum coherence. In this Letter, work statistics is considered in a fully new perspective of "wave-particle" duality. Based on the generalized quantum measurement, the predictability of energy levels DW and the effectiveness of coherence VW are defined, and they obey the inequality D 2 W + V 2 W ≤ 1 which is a fundamental tradeoff relation between coherent and incoherent work distributions. These results shed light on the effects of quantum coherence in quantum thermodynamics. Finally, a unified framework of quantum work statistics for any initial state is given.
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Introduction.-Motivated by the recent experimental progress in fabrication and manipulation of micro and nanoscale objects [1] [2] [3] , there is an urgent need of a theoretical foundation of what thermodynamics quantity means in quantum mechanics and how to extend the principles of thermodynamics to the quantum domain. Based on two-point measurement scheme (TPM), the extensions of classical fluctuation theorems [4] [5] [6] [7] [8] [9] [10] [11] to the quantum regime is obtained [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , see the reviews [22, 23] for detail discussion, and these fluctuation theorems have been experimentally verified in various systems [24] [25] [26] [27] [28] [29] [30] . However, if the system is initially in a state with quantum coherence, which will be completely destroyed by the first measurement and the first law of thermodynamics will be violated.
In order to include the effects of initial quantum coherence, the projective measurement is replaced by the Gaussian measurement [21, 31, 32] , and a modified Jarzynski equality is obtained [21] . Contrary to TPM, a single measurement scheme (weak measurement) is implemented [33] [34] [35] [36] [37] , and some results of them satisfy the first law of thermodynamics but can not recover fluctuation theorems in the thermal equilibrium limit [33] [34] [35] , and the other results can simultaneously satisfies the first law of thermodynamics and fluctuation theorems, but negative probability appears [36] [37] [38] . Some other efforts based on Bohmian framework [39] , autonomous framework [40, 41] , quantum feedback control [42] , etc., for including the effects of quantum coherence have also been made, and also fluctuation theorems can not be recovered. Recently, Llobet et al. proved that for the initial state with quantum coherence, the first law of thermodynamics and fluctuation theorem can not be simultaneously satisfied [43] . Understanding the interplay between the contributions of population and coherence to work statistics is a pressing problem in quantum thermodynamics.
The population of energy levels manifests which-level information, and the coherence can give rise to interference fringe in interference experiment. This reminds us of "wave-particle" duality [44] which describes the uncertainty relation between the interference pattern and the acquisition of which-way information. The "waveparticle" duality has been widely investigated in many aspects [45] [46] [47] [48] [49] [50] [51] [52] . In this Letter, we consider work distribution from the "wave-particle" duality perspective, and aim at giving a quantitative fundamental relation between the contributions of population and coherence to work statistics and a unified framework of work statistics for any initial state.
Duality in quantum work.-Consider a closed quantum system described by a HamiltonianĤ s (λ t ) that depends on an externally controlled parameter λ t changed from λ 0 to λ t ′ . The Hamiltonian have a spectral decompositionĤ s (λ t ) = n E n t |E n t E n t |. The externally controlled evolution of the system is described by the unitary operator
T is the time ordering operator). In this Letter, we adopt the generalized work measurement considered by Llobet et al. [43] , where each possible value of work W is associated with a POVM operator M W , and the probability of obtaining W can be calculated through the generalized Born rule:
The POVM operator satisfies M W dW = I with I being the identity matrix. The "wave-particle" duality describes the exclusion of interference pattern and the acquisition of which-way information [44] . Now we consider the quantum work distribution P(W ) in the "wave-particle" duality perspective. The system may initially stay at a certain energy levels or stay at the superposition of some energy levels. In the "wave-particle" duality perspective, energy levels can be considered as the "particle" like nature and their coherence can be considered as the "wave" like nature. In Eq. (1), the measurement operator M W is performed on initial system state and the work distribution is obtained, so that the duality of initial state is recorded by the quantum work distribution. In this sense, the quantum work can behave both the "particle" like nature and the "wave" like nature, called "trajectory-coherence" duality, where the incoherent work distribution is named as the trajectory work distribution. Just like the double slit experiment: If only a single slit is opened, i.e., the trajectory of the particle is known, the interference fringes can not be observed on the screen; if two slits are both opened, i.e., the trajectory of particle is unknown, the interference fringes can be observed on the screen. So, the trajectory work distribution and the coherent work distribution can not be obtained simultaneously. Then it is nature to ask how to quantitatively describe this incompatibility?
Here we define the predictability of the energy levels as
where
. D W quantifies the distinguishability of the levels, i.e., the amount of which-level information available by the quantum work distribution. According to |A−B| ≤ |A|+|B|, 0 ≤ D W ≤ ( m P m + n P n )/2 = 1. The energy levels cannot be distinguished at all if D W = 0, and they can be distinguished completely if
The manifestation of quantum coherence is quantified by the effectiveness of coherence which is defined as
Quantum coherence can be completely manifested if V W = 1, and they can not be observed at all if V W = 0.
The equality in
for all W , in other words, the coherence between m and n energy levels is completely manifested only when these levels can not be distinguished. In general, the energy levels m and n can not be distinguished means that these levels are degenerate, i.e., E 0 m = E 0 n , in other words, only the coherence between the degenerate energy levels, i.e., the internal quantum coherence [53] , can be completely manifested by quantum work. On the other hand, there is always some coherence between the non-degenerate energy levels, i.e., the external quantum coherence [53] , to be destroyed by the quantum work measurement and can not be completely manifested for any POVM operator.
The exclusion between energy level distinguishing and the coherence manifestation implies the central result of this Letter that the predictability D W and the effectiveness of coherence V W obey the inequality (see Proof I in supplemental material)
which is a fundamental quantitative statement about duality in the quantum work distribution. In particular, the extreme situations characterized by perfect effectiveness of coherence or full which-level information are mutually exclusive. We next present a unified framework to describe work statistics for any initial state. Unified work measurement scheme for any initial state.-Recently, a generalized work measurement scheme at a single time was proposed [32] [33] [34] [35] [36] [37] , and has been experimentally realized [29] . Along this line, we propose a single measurement scheme-using a harmonic oscillator as a detector to probe work statistics, in the following. The Hamiltonian of the harmonic oscillator isĤ d = ω(â †â + 1/2), where ω is the oscillating frequency of the harmonic oscillator andâ = mω/2 x + ip/ √ 2 mω, is the annihilation operator with m,x and p being the mass, position and momentum operators of the harmonic oscillator respectively.
To determine work statistics, one needs the following five steps: (1) Initially, the detector d and the system s are prepared in a product state ρ d ⊗ ρ s . (2) In order to know the initial system energy, at time t < 0, d is coupled to s with the HamiltonianĤ sd (λ 0 ) = −gpĤ s (λ 0 ), where g is the coupling strength. Notably, this interaction Hamiltonian does not influence the statistics of initial system energy. We assume that the time interval τ is short enough that the free evolutions of s and d can be neglected. In this case, U sd (λ 0 ) ≈ exp{−iĤ sd (λ 0 )τ }. (3) After the transient evolution of total system, the coupling is removed at time t = 0, and then a protocol is performed on s with the work parameter being changed from its initial value λ 0 to the final value λ t ′ . (4) After that, d is re-coupled to s with the Hamiltonian H sd (λ t ′ ) = gpĤ s (λ t ′ ), and the transient evolution operator is U sd (λ t ′ ) ≈ exp{−iĤ sd (λ t ′ )τ }. (5) Perform the measurement (projective or weak) on the detector. The information of the work is recorded on the measurement results of the detector.
In order to include the effects of quantum coherence, we let the harmonic oscillator be initially prepared in the squeezed vacuum state S(r)|0 , where
is the squeezing operator, and r ≥ 0 is the squeezing strength. S(r)|0 is essentially the vacuum state of a new harmonic oscillatorĤ b = ωb †b , whereb † ≡ S(r)â † S † (r) = cosh râ † + sinh râ andb ≡ S(r)âS † (r) = cosh râ+sinh râ † are the creation and annihilation operators in the new representation respectively. In this sense, we label S(r)|0 as |0 b and give the following discussion in this new representation ofb. The displacement operator D(β r ) = exp{β rb † − β * rb } acting on the vacuum state |0 b can generate the coherent state |β r b , i.e., D(β r )|0 b = |β r b . |β r b is the eigenstate of b with the eigenvalue β r , i.e.,b|β r b = β r |β r b . For the detail properties of coherent state and squeezed state, please see the seminal papers [54, 55] .
In the representation ofb, the evolution operator U sd (λ 0 ) can be rewritten as U sd (λ 0
where,
with d 2 β r ≡ dIm(β r )dRe(β r ) and Q(β r , β * r ) being the Q function [56] . In other words, P (W )W n dW = dIm(β r )e r Q(β r , β * r )W n dW , so the quantum work distribution is P(W ) = dIm(β r )e r Q(β r , β * r ). According to Eq. (5), the quantum work distribution is
is the normal distribution of W with µ being the average value, σ = √ 2∆x being the variance or the measurement error, and ∆x = Tr[
−r /2 being the standard deviation of the position of detector.
} is the off diagonal element of the system density matrix after removing the coupling in step (3) with D i ≡ exp{−e r E 0 ib † + e r E 0 ib }. For the precise measurement σ = 0 (i.e., r → ∞) or initial position of the detector is completely known, quantum coherence is completely destroyed except for E 0 m = E 0 n (i.e., the internal coherence), and the quantum work distribution is reduced to the result of TPM, i.e., P(W ) = ln P n P l|n δ(W − (E t ′ l − E 0 n )) (in which the internal coherence is included).
The predictability of levels is
We can prove that (see proof II in supplemental material)
n | being the predictability of levels after removing the coupling in step (3). Eq. (27) means that the predictability of levels is transferred along the sequential couplings, and the discriminability of levels obtained by the following coupling is never greater than the preceding one. If the quantum work distribution completely knows which-level information with D W = 1, the first coupling has to obtain exact which-level information with D = 1, and D = 1 is the necessary condition (not the sufficient condition in general) of D W = 1.
The effectiveness of coherence is The predictability of levels D and the effectiveness of coherence V also satisfy the duality relation D 2 + V 2 ≤ 1 (see proof III in supplemental material). According to Eqs. (27) , (10), we can obtain that
Work fluctuation.-The characteristic function of the quantum work distribution is defined as the Fourier transformation χ = dW P(W ) exp(iκW ). According to Eq. (6), the characteristic function of the quantum work distribution can be expressed as
Tr e iκHs(λ t ′ ) e
−iκ
Hs (λ 0 ) 2
is the system Hamiltonian at time t in the Heisenberg picture. If the system is initially prepared in the thermal equilibrium state ρ s = exp{−βH(λ 0 )}/Z(λ 0 ) with β = 1/(k B T ) being the inverse of temperature T , k B being the Boltzmann constant, and Z(λ 0 ) = Tr[exp{−βH(λ 0 )}] being the partition function, the modified Jarzynski equality exp{−βW } = exp{−β∆F } exp{β 2 σ 2 /2} can be obtained by letting κ = iβ, where ∆F = k B T ln[Z(λ t ′ )/Z(λ 0 )] is the variation of the Helmholtz free energy. This modified Jarzynski equality recovers the result of Ref. [21] .
All the moments of the work can be obtained by
Based on the derivative of characteristic function, the average work can be obtained as
If the system is initially prepared in an incoherent state, i.e., ρ s = ρ in , it can not be influenced by the measurement, i.e., ̺ s = ρ s = ρ in , so that the average work is not influenced by measurement, i.e., Eq. (13) is reduced to
If the system is initially prepared in a state with quantum coherence ρ s = ρ in +ρ c , the average work can be divided into two parts: the incoherent work
which means that not all the quantum coherence contributes to work. The degree of quantum coherence can be measured by the relative entropy, i.e., C(ρ
with Σ ≡ S(̺ s ) − S(ρ s ) being entropy production, and S(A) ≡ −Tr[A ln A] being the von Neumann entropy of state A. Eq. (15) means that the decreased quantum coherence makes entropy increased. The equalities in Eq. (14) and Eq. (15) hold if the system is prepared in an incoherent state or in a state only with internal coherence, which means that the internal coherence can be completely used to perform work, i.e., the internal coherence will be completely manifested with V W = 1. In the non-degenerate case, there are always some external coherence being destroyed, which makes entropy increased. The decrease of the external coherence depends on the measurement error σ and the energy difference, the less measurement error and the more energy difference, the more external coherence decreased, which means the more predictability of D W and the less effectiveness of coherence V W .
From Eq. (12), the second order moment of quantum work can be obtained as
The work fluctuation can be expressed as
2 being the variance of the change of the internal energy under the influence of the measurement. As shown in Eq. (17) , work fluctuation is constituted of the measurement error and the variance of the internal energy change under the influence of the measurement. We call the measurement error that allows the smallest work fluctuation as the optimal measurement error σ opt .
If the system is initially prepared in an incoherent state or a quantum state only with internal coherence, the system state and the internal energy can not be influenced by the measurement. As a result, the first term of Eq. (17), i.e., δ(∆H s )
2 , is independent of σ, and the optimal measurement error σ opt = 0, which means that the preciser the measurement, the lower the fluctuation of work. On the other hand, if the system is initially in the state with external coherence, δ(∆H s ) 2 can be decreased with the measurement error σ because external coherence increases with σ and δ(∆H s ) 2 can decrease with external coherence [38] . The first term of Eq. (17) decreases with σ, but the second one increases with σ, which means that there is an optimal measurement error σ opt > 0. The different optimal measurement errors for initial incoherent state and quantum state with coherence further illustrates that the incoherent work distribution (in which the internal coherence effects is included) and the coherent work distribution can not be precisely obtained at the same time. The central result of this Letter is giving a fundamental tradeoff relation shown in Eqs. (4) and (11) to quantitatively describe this limitation.
Conclusions.-We have given a fundamental tradeoff relation D 2 W + V 2 W ≤ 1 between the coherent and incoherent work distributions, which leads to a deeper understanding of the effects of quantum coherence in quantum thermodynamics. It would also be interesting to apply the perspective of "wave-particle" duality to investigate the bounds of amount and efficiency of work extraction from quantum coherence, etc. Finally, we have given a unified framework to describe the work statistics for any initial state.
In this supplemental material, we give the proofs of some results in the main text.
Proof I.-In this section, we give the proof of the central result Eq. (4) in the main text. The predictability of energy levels is defined as
∆x, the predictability of levels can be written as
so that the predictability of levels is
For simplicity, we rewrite the predictability of levels as
where k takes all the possibilities of the set of {i, m, n}. It can be seen that v k ≥ 0,
The effectiveness of coherence is
The effectiveness of coherence can be expressed as
According to the non-negativity of Hermitian operator, density matrix ρ s and work measurement operator satisfy ρ nm ρ mn ≤ P m P n and M Proof II.-The predictability of levels based on the our concrete measurement scheme is
which can be rewritten by the variables of detector: 
with v mn = (P m + P n )/2 and |u mn | = √ P m P n /v mn . The effectiveness of coherence after removing the coupling in step (3) 
For simplicity, D = k v k 1 − |u k | 2 and V ≤ k v k |u k | with k (·) = mn (·).
which is the duality of the information obtained by the first coupling. This uncertainty relation Eq. (32) gives a limitation that the which-level information and the effectiveness of coherence can not be simultaneously obtained by detector after the first coupling.
